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Abstract
We investigate quantum corrections in two-dimensional CPN−1
supersymmetric nonlinear sigma model on noncommutative super-
space. We show that this model is renormalizable, the N=2 SUSY
sector is not affected by the C-deformation and that the non(anti)-
commutativity parameter Cαβ receives infinite renormalization at one-
loop order. And it is the renormalizability of the model at one-loop
order.
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1 Introduction
One recent development in quantum field theories is the emergence of new
classes of field theories with some novel properrties from the study of string
theory. String theory with some of its field components having classical
values on D-brane gives rise to new field theories in its low energy limits.
In particular, N=1 noncommutative (NC) superspace considered some time
ago [1] can be derived in this way from superstring theory with self-dual
graviphoton background values [2, 3, 4, 5].
In four dimensions, the non(anti)commutativity is introduced to N=1
superspace by deforming the anticommuting relations for superspace coordi-
nates θα, θ¯α˙ as [4]
{θα, θβ} = Cαβ , {θα, θ¯α˙} = {θ¯α˙, θ¯β˙} = 0. (1)
The noncommutativity (NC) parameter Cαβ is related to the (constant)
graviphton background value. Due to the non-zero anticommutator of θα, the
field theory on the superspace keeps only a half of supersymmetry (SUSY),
N=1/2 SUSY, some times also called deformed SUSY. Because θ and θ¯ are
treated independently, the field theory on N=1/2 superspace can be defined
only in Eucledian space and such field theories lack Hermiticity.
N=1/2 SUSY field theories can be dealt with straightforwardly by mod-
ifying the product of superfields. The product is Weyl-ordered in θ by using
the Moyal product, which is defined by
f ∗ g = f exp(−
1
2
Cαβ
←−
Qα
−→
Qβ)g, (2)
where Qα is the supercharge.
The Lagrangian of N=1/2 SUSY field theories consists of two parts,
the orginal N=1 SUSY Lagrangian and the new terms containing Cαβ as
a coupling constant. We refer to the two parts as the non-deformed SUSY
sector and the C-deformation sector, respectively. The immediate question
on N=1/2 SUSY field theories in perturbation is whether they are renor-
malizable, despite the fact that the new coupling constant Cαβ has a neg-
ative dimension (in mass). One may further ask whether good ultraviolet
(UV) properties of field theories with (extended) SUSY are preserved after
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adding C-deformed terms. The first question has been answered positively
forN=1/2Wess-Zumino model [6, 7, 8, 9] andN=1/2 supersymmetric gauge
theory [9, 10, 11, 12, 13]. The NC parameter Cαβ has been shown to receive
infinite renormaliation. Quantum corrections to the non-deformed SUSY
sector of these models are not affected by the C-deformation [10, 11].
N=2 CPN−1 supersymmetric nonlinear sigma models (SNLSM) [14, 15]
are a low-energy effective theory of four-dimensional N=1 super Yang-Mills
theories. Two-dimensional N=2 and N=4 SNLSM have remarkably good
UV properties beyond perturbative renormalizability [16, 17, 18, 19]. In non-
perturbative aspects, two-dimensional SNLSM have instantons, like super
Yang-Mills theories.
Since the Ka¨hler potential of SNLSM is generally non-polynomial, the
action of SNLSM on noncommutative superspace has infinitely many terms
[20, 21, 22, 23]. It is difficult to study the properties of such models even in
perturbation. Fortunately the action takes a simple closed form in the case
of CPN−1 SNLSM on NC superspace using the Ka¨hler quotient [24].
The purpose of the present paper is to investigate one-loop quantum
corrections in the two-dimensional CPN−1 SNLSM on NC superspace. In
particular, we are interested in the loop effects on the non-deformed SUSY
sector due to the new coupling Cαβ and vice versa. We have found that
the C-deformation term of this model receives a divergent correction which
is absorbed by the renormalization of the coupling constant λ and the NC
parameter Cαβ .
2 2D CPN−1 SNLSM on NC superspace
CPN−1 SNLSM in d = 2 can be obtained from that in d = 4 by dimensional
reduction [25]. The same method can be used to obtain the CPN−1 SNLSM
on NC superspace in d = 2 [24].
We denote the scalar and fermion fields after solving the CPN−1 con-
straints by ϕa, ϕ¯a¯ and χa, χ¯a¯ (a = 1, 2, · · · , N − 1). The Lagrangian is
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written in terms of the component fields as
L = L0 + LC , (3)
L0 =
1
λ
gab¯∂µϕ
a∂µϕ¯b¯ +
1
λ
igab¯χ¯
b¯
+γ
µDµχ
a
+ +
1
λ
igab¯χ¯
b¯
−
γµDµχ
a
−
+
1
4λ
Rab¯cd¯(χ¯
b¯
+γ
µχa+)(χ¯
d¯
−
γµχ
c
−
), (4)
LC =
1
λ
gab¯gcd¯(C
11χa+χ
c
+ − C
22χa
−
χc
−
)ǫµν(∂µϕ¯
b¯)(∂νϕ¯
d¯). (5)
Here L0 is the non-deformed part, namely, the usual SUSY CPN−1 La-
grangian [14, 15], LC is the new term due to superspace noncommutativity.
χa+, χ
a
−
are the two components of the 2D spinor χa. gab¯ is the Fubini-Study
metric on CPN−1. Γabc and Rab¯cd¯ are the Christoffel symbol and the Riemann
curvature tensor, respectively. Dµχ
a
±
is the covariant derivative. They are
given by
gab¯ =
(1 + ϕ¯ϕ)δab¯ − ϕ¯aϕb¯
(1 + ϕ¯ϕ)2
, (6)
Γabc = g
ad¯∂bgcd¯, (7)
Dµχ
a
±
= ∂µχ
a
±
+ Γabc(∂µϕ
b)χc
±
, (8)
Rab¯cd¯ = −gae¯∂c(g
fe¯∂d¯gfb¯) = gab¯gcd¯ + gad¯gcb¯. (9)
2.1 Background field method and Ka¨hler normal cood-
inates
We evaluate the quantum corrections in our model in perturbation in the cou-
pling constants λ and Cαβ. This can be made by means of the background
field method. The familiar Riemann normal coordinates are not good for the
present purpose, because they are not holomorphic on a Ka¨hler manifold.
Instead we should use the expansion in terms of Ka¨hler normal coordinates
[26], which are holomorphic coordinates. This expansion provides a mani-
festly covariant background field method preserving the complex structure
on CPN−1. We denote the background field by ϕa, the quantum field by ϕaS,
and the holomorphic coordinates on the CPN−1 by ξa. ϕa, ∂µϕ
a, gab¯, and
3
Rab¯cd¯ are written in terms of Ka¨hler normal coordinates as
ϕa → ϕa + ϕaS(
√
λξ), (10)
∂µϕ
a
S(
√
λξ) =
√
λDµξ
a − λ
1
2
∂µϕ¯b¯Racb¯dξ
cξd +O(ξ3), (11)
gab¯(ϕ+ ϕS(
√
λξ)) = gab¯ + λRab¯cd¯ξ
cξ¯ d¯ +O(ξ3), (12)
Rab¯cd¯(ϕ+ ϕS(
√
λξ)) = Rab¯cd¯ + λg
ef¯(Re(b¯gd¯Rah¯c)f¯ − Reb¯gd¯Rah¯cf¯)ξ
gξ¯h¯
+O(ξ3). (13)
In the following computation of one-loop effects, we need the terms of
second order in the fluctuations ξa of the Lagrangian (4), (5). They are
given by
L(2)0 = gab¯Dµξ
aDµξ¯ b¯
+Rab¯cd¯(∂µϕ
a∂µϕ¯b¯ξcξ¯ d¯ −
1
2
∂µϕ¯
b¯∂µϕ¯d¯ξaξc −
1
2
∂µϕ
a∂µϕcξ¯ b¯ξ¯ d¯)
+iRab¯cd¯(χ¯
b¯
+γ
µDµχ
a
+ξ
cξ¯ d¯ + χ¯b¯+γ
µχc+Dµξ
aξ¯ d¯)
+iRab¯cd¯(χ¯
b¯
−
γµDµχ
a
−
ξcξ¯ d¯ + χ¯b¯
−
γµχc
−
Dµξ
aξ¯ d¯)
+gef¯(Re(b¯gd¯Rah¯c)f¯ − Reb¯gd¯Rah¯cf¯)ξ
gξ¯h¯(χ¯b¯+γ
µχa+)(χ¯
d¯
−
γµχ
c
−
), (14)
L(2)C = {gab¯gcd¯(Dµξ¯
b¯Dν ξ¯
d¯ −
1
2
∂µϕ
e∂νϕ¯
d¯Rb¯f¯eg¯ ξ¯
f¯ ξ¯ g¯
−
1
2
∂νϕ
e∂µϕ¯
b¯Rd¯f¯eg¯ ξ¯
f¯ ξ¯ g¯) + gab¯∂µϕ¯
b¯∂νϕ¯
d¯Rcd¯ef¯ξ
eξ¯ f¯
+gcd¯∂µϕ¯
b¯∂νϕ¯
d¯Rab¯ef¯ξ
eξ¯ f¯}ǫµν(C11χa+χ
c
+ − C
22χa
−
χc
−
). (15)
3 One-loop perturbative corrections
We begin by noting that all terms in the C-deformation part LC contain
χaχb and are non-Hermitian. In perturbation, only the combination χaχ¯b is
contracted in the Wick’s theorem; the combination χaχb is not contracted.
Hence the C-deformed terms with χaχb cannot appear as a part of internal
lines. They can only appear as external lines. This means that there appear
no loop corrections due to the new term LC to the non-deformed part of
the effective action. The same property holds for super Yang-Mills theories
[10, 11].
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3.1 Non-deformed sector
Because of the absence of loop corrections due to LC , the loop corrections
to the non-deformed SUSY sector in our model are the same as those in
the ordinary model. In particuler, the β-function of λ is not affected by
C-deformation. For later use we summarize the previous result on the renor-
malization of the non-deformed SUSY sector [17, 18]. We use the dimensional
regularization, setting ǫ = 1−d/2, where d is the space-time dimension. The
divergent one-loop correction to the non-deformed sector is written as that
to L0.
δLBoson = Rab¯cd¯∂µϕ
a∂µϕ¯b¯ξ˙c ˙¯ξ d¯
=
1
2ǫ
1
2π
Rab¯∂µϕ
a∂µϕ¯b¯
=
1
2ǫ
λN
2π
LBoson. (16)
Here · (or ··) over a pair of fields ξa(x) mean that they are contracted. We
have used the relation which holds for CPN−1,
Rab¯ = Ngab¯. (17)
The bare quantities will be denoted by the suffix 0. gab¯/λ0 can be ex-
pressed in terms of one-loop order renomalized quantities as
gab¯
λ0
= µ2ǫ
{gab¯
λ
+
1
2ǫ
(
−
N
2π
gab¯
)
+ · · ·
}
= µ2ǫ
gab¯
λ
(
1−
1
2ǫ
λN
2π
)
, (18)
where µ is the scale parameter.
3.2 C-deformed sector
We now evaluate the loop corections to the other coupling constant Cαβ.
There are two graphs which give possibly divergent contributions to the C-
deformed sector. They are shown in Fig.1. Other one-loop graphs contribut-
ing to the C-deformed sector are finite. In Fig.1 the external lines represent
a set of background fields, such as
δab¯δcd¯ǫ
µν∂µϕ¯
b¯∂νϕ¯
d¯C11χa+χ
c
+. (19)
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Figure 1: Divergent one-loop corections to the C-deformed sector. The
solid internal lines stand for the ξ-propagator, the dots denote background-
dependent vertices, such as (19).
The loop graph 1.a involves two vertices, one containing Dµξ¯
b¯Dν ξ¯
d¯ from
L(2)C and another containing ξ
aξc from L(2)Boson.
L(2)Boson = · · · −
1
2
Rab¯cd¯∂µϕ¯
b¯∂µϕ¯d¯ξaξc + · · · , (20)
L(2)C = · · ·+ gab¯gcd¯ǫ
µν(C11χa+χ
c
+ − C
22χa
−
χc
−
)Dµξ¯
b¯Dν ξ¯
d¯ + · · · . (21)
The graph 1.a contributes to the effective action the following term.
δL(a)C = (· · · )× gab¯gcd¯Rij¯kl¯∂
σϕ¯j¯∂σϕ¯l¯ǫµνDµ
˙¯ξ b¯Dν
¨¯ξ d¯ × ξ˙iξ¨k
= (· · · )× ǫµν( I
µν + finite ), (22)
where Iµν is given by
Iµν =
∫ 1
0
dx
∫
d2k
kµkν
{k2 +M2(x)}2
∼
1
ǫ
δµν . (23)
Here M2(x) does not contain kµ. We note that Iµν is symmetric in µ,ν and
hence
δL(a)C ∼ ǫµνI
µν = 0. (24)
The loop graph 1.b involves a single vertex, the one containing ξiξ¯ j¯ from
L(2)C .
L(2)C = (gab¯Rcd¯ij¯ + gcd¯Rab¯ij¯)∂µϕ¯
b¯∂νϕ¯
d¯ǫµν(C11χa+χ
c
+ − C
22χa
−
χc
−
)ξiξ¯ j¯ + · · · .
(25)
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It’s contribution to the effective action is computed to be
δL(b)C = (gab¯Rcd¯ij¯ + gcd¯Rab¯ij¯)∂µϕ¯
b¯∂νϕ¯
d¯ǫµν(C11χa+χ
c
+ − C
22χa
−
χc
−
)ξ˙i ˙¯ξ j¯
=
1
2ǫ
N
2π
(gab¯gcd¯ + gcd¯gab¯)∂µϕ¯
b¯∂νϕ¯
d¯ǫµν(C11χa+χ
c
+ − C
22χa
−
χc
−
). (26)
We thus have
δLC =
1
ǫ
λN
2π
LC . (27)
To summarize, at one-loop, only the loop graph of 1.b gives a divergent
contribution to the C-deformed sector. The result is proportional to LC , and
hence it can be eliminated by the counter term. It assures the renormaliz-
ability of the model at one-loop order.
3.3 UV divergences in the C-deformed sector and renor-
malization
We decompose Cαβ into renormalization part and constant part by writing
Cαβ = γC˜αβ. (28)
The dimensionless coupling constant γ receives renormalization and C˜αβ is
set to constant, in the Lagrangian (5). We introduce T ab¯cd¯ as
T ab¯cd¯ ≡ ∂µϕ¯
b¯∂νϕ¯
d¯ǫµν{C˜11χa+χ
c
+ − C˜
22χa
−
χc
−
}. (29)
The counter term of LC is (LC)0 − LC . By using the renormalization
result (18), we have
LC,ct = (LC)0 −LC = λ0γ0
gab¯
λ
gcd¯
λ
(
1−
1
2ǫ
λN
2π
)2
T ab¯cd¯ − λγ
gab¯
λ
gcd¯
λ
T ab¯cd¯
=
{
λ0γ0
(
1−
1
2ǫ
2
λN
2π
)
− λγ
}gab¯
λ
gcd¯
λ
T ab¯cd¯
=
{λ0γ0
λγ
(
1−
1
2ǫ
2
λN
2π
)
− 1
}
LC. (30)
It is added to cancel the infinity from the loop graph, which we have com-
puted above.
LC,ct + δLC =
(λ0γ0
λγ
− 1
)(
1−
1
2ǫ
2
λN
2π
)
LC
= 0. (31)
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Thus the renormalization of γ is fixed by the condition
λ0γ0 = λγ. (32)
We have found that the NC parameter Cαβ (or γ) is renormalized at one-loop
order as
γ0/γ = (λ0/λ)
−1 = µ2ǫ
(
1−
1
2ǫ
λN
2π
)
. (33)
3.4 β-functions
The ordinary 2D SUSY CPN−1 model has good UV properties. We now
study the UV properties of the deformed 2D SUSY CPN−1 model, in partic-
ular its β-functions. The β-function of the coupling constant λ is obtained
from eq.(18).
βλ = µ
∂
∂µ
λ = −
N
2π
λ2. (34)
For the purpose of perturbative computation we have defined the fields by
setting
ϕa, χa →
√
λϕa,
√
λχa, (35)
gab¯ =
(1 + λϕ¯ϕ)δab¯ − λϕ¯aϕb¯
(1 + λϕ¯ϕ)2
. (36)
LC is then written as
LC = λγgab¯gcd¯(C˜
11χa+χ
c
+ − C˜
22χa
−
χc
−
)ǫµν(∂µϕ¯
b¯)(∂νϕ¯
d¯). (37)
We take λγ instead of γ as the new coupling constant. The β-function of λγ
vanishes.
βλγ = µ
∂
∂µ
(λγ) = 0. (38)
We note that λ = 0 is the UV fixed line of the theory in the λ - γλ plane.
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